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layer
boundary
"splits" resistor: 

length (1−p)h
length ph

resistance R1

resistance R2
resistance
R1+R2=

σ1conductivity

conductivityσ2
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nodes eliminated
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(unfilled circles)
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First method: Dirichlet
boundary nodes just
outside substrate

Second method: Dirichlet
boundary nodes just
inside substrate
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q α j iφα j i 1 ws
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j α

q α j i ws
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Again Qv is found by a singular value decomposition. It would
be inefficient to calculate the moments directly on the larger levels
since the squares get larger and larger. Fortunately this is not nec-
essary, because one can use the already-calculated moments of the
children. To do this the center with respect to which the moments
are calculated must be shifted. A 6 6 matrix results, whose en-
tries can easily be calculated by expanding out x x0

α y y0
β

for α β p.

The process is continued all the way to the top level. It is cheap
in computational cost, as the analysis in [9] shows. In this way a
change-of-basis matrix Q is calculated which is sparse, and in the
new basis the coupling matrix G becomes QT GQ.

4. REDUCING THE NUMBER OF SOLVES
In the preceding section, we assumed that we were given a known
conductance matrix, G. In the situation of [9], the 1 r kernel is
known explicitly: given charges, potentials are calculated. In our
situation, given potentials at the contacts, we calculate the cur-
rents using the finite-difference solution procedure. The G matrix
is known only implicitly. Instead of a simple 1 r calculation (or
even a relatively simple panel integration) to calculate the potential
at panel y due to a charge at panel x, for us, calculating the current
on contact y due to a voltage at contact x will, as detailed in Section
2, involve a computationally expensive solve. To obtain an explicit
form for the entire conductance matrix, n solves are required if the
computation is performed in the usual manner.

In order to reduce this cost, basis vectors can be added and the cur-
rent response of the sum found in one solve. If we know where the
current response will be significantly different from zero, and these
areas of large entries do not overlap for the basis vectors which
were added together, then we can extract the current responses for
each basis vector in the sum from the solution vector. To see how
this might work, consider a sparse matrix :

A

a
c d

e f
g h

In general, to extract all the entries of A by performing only matrix-
vector product operations (which, recall, in the substrate context,
are actually themselves iterative solves), we would need four prod-
ucts (i.e. solves), since A has four columns, one product with each
of the identity vectors. But if we know the sparsity structure of A,
we only need two vectors,

v1

1
0
1
0

v2

0
1
0
1

Note that v1 is the sum of the first and third unit vectors, and v2
the sum of the second and fourth. Since the columns extracted
by entries in the first and second rows of v1 and v2, respectively,
cannot overlap with columns extracted by placing ones in the third
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Schematic representation of basis vector
constituents of rhs vector for solve-
reduction technique (each basis vector
represented by a black square). Note that
neighbor squares of distinct basis vector
squares do not overlap.

and fourth rows the non-zero entries in A can be extracted just by
examining the vectors Av1 and Av2.

In order to create the right-hand side vectors, we need to make some
assumption on where the large entries are. The assumption we use,
of rapidly decaying response to basis functions with vanishing mo-
ments, is made by analogy with properties which are provably true
in the case of the multipole algorithm for the 1 r kernel. Intu-
itively, it is plausible that other physically based integral operators,
and their inverses, share similar properties. To understand our as-
sumptions, consider two basis vectors, φ1 in square s on level l and
φ2 in square t on level m l. (By construction, every basis vector
in the new basis has support in only one square at some level l and
its moments vanish at that level, except for some at level 0 whose
moments don’t vanish.) If l m, we assume that φ1 and φ2 have a
large interaction only if s and t are the same or neighbors. If m l,
we denote by p the parent square on level m of s, and assume that
φ1 and φ2 have a large interaction only if p and t are the same or
neighbors.

In order to provide the needed separation, we only combine basis
vectors which are on the same level and which are at least 3 squares
apart. See Figure 4. Then we have right hand side vectors for each
level l, i 0 2, j 0 2, given by

θl i j m

1 k n 2l

∑
k n i mod 3 j mod 3

ψ k n m

where ψ k n m is the mth vanishing-moment basis vector in the
square in row k and column n on level l. Under our assumptions,
for each ψ vector from the θ solution, we can then extract the cur-
rent response component in the direction of each transformed basis
vector on levels l. The rest of the conductance matrix (current
response components on levels l to basis functions on level l) is
obtained by symmetry.

By choosing the highest-level squares sufficiently small so that
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Interactive squares of black square (dark shading)

Interactive squares
of parent of black
square (light shading)
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